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ON THE UNRAMIFIED SPHERICAL AUTOMORPHIC
SPECTRUM
MARCELO DE MARTINO, VOLKER HEIERMANN, AND ERIC OPDAM
Abstract. For a split connected reductive group G defined over a number field
F , we compute the part of the spherical automorphic spectrum which is supported
by the cuspidal data containing (T, 1), where T is a maximal split torus and 1 is
the trivial automorphic character. The proof uses the residue distributions which
were introduced by the third author (in joint work with G. Heckman) in the study
of graded affine Hecke algebras, and a result by M. Reeder on the weight spaces of
the (anti)spherical discrete series representations of affine Hecke algebras. Note
that both these ingredients are of a purely local nature. For many special cases of
reductive groups G similar results have been established by various authors. The
main feature of the present proof is the fact that it is uniform and general.
1. Introduction
We warn the reader that we discovered a gap in the contour shift
argument at the end of the paper. We are hopeful to solve it, but this
may add technical complications and/or conditions. In any case, we are
convinced that the paper is still important and believe in addition that
the approach is still possible. We will update the text of the paper soon.
Let G be a connected reductive group defined over a number field F . Denote by
A the ring of ade`les of F . Assume for simplicity in this introductory part that G is
semisimple. The space L2(G(F )\G(A)) of square-integrable automorphic forms is a
central object in the theory of automorphic forms and its relation to representation
theory and number theory via the Langlands program.
Langlands [L] has given a decomposition of this space in terms of cuspidal data X,
in which each X := [M,Ξ] is an equivalence class of pairs (M,Ξ) with M an F -Levi
subgroup of G and Ξ an orbit of certain character twists of a cuspidal automorphic
representation of M :
(1) L2(G(F )\G(A)) = ⊕ˆX L
2(G(F )\G(A))X.
More precisely, if a∗M denotes the dual of the real Lie algebra of the maximal split
torus AM in the center ofM , then its complexification a
∗
M,C parametrizes in a natural
way a certain class of “unramified” complex characters of M , and this implies a
natural action of the complex vector space a∗M,C on the set of cuspidal automorphic
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representations of M via character twist. The orbits Ξ in the statement above are
the orbits for this action by a∗M,C while (M,Ξ) is equivalent to (M
′,Ξ′) if they are
G(F )-conjugate to each other. In other words, if σ is a representation in Ξ, the
other elements of Ξ can be written in the form σλ, λ ∈ a
∗
M,C.
Letting act G(A) on L2(G(F )\G(A)) by right translations, the irreducible closed
subspaces of L2(G(F )\G(A)) are called discrete series representations. Among the
discrete series representations are the cuspidal automorphic representations (those
whose space contains a cuspidal automorphic form of G(A), i.e. they appear in an
L2(G(F )\G(A))X with X = [G,Ξ] and Ξ a singleton) and the residual spectrum
(i.e. those discrete series representations which appear in an L2(G(F )\G(A))[M,Ξ]
with M 6= G). One of the main achievements of Langlands was to show that the
representations in the residual spectrum correspond to certain residues of Eisenstein
series via a complicate contour shift, which was the most difficult part in [L].
A discrete series representation π of G(A) (and more generally any irreducible
automorphic representation) admits a decomposition ⊗′vπv into local components.
If (M,Ξ) is the cuspidal datum corresponding to π, and σ is a base point of Ξ, then
there is an element λ in the complex vector space a∗M,C, so that π is a subquotient
of I(σλ), the normalized induced representation to G(A) from the character σλ of
P (A). For a given base point σ in Ξ, the contour shift procedure established by
Langlands computes, among other things, those λ such that I(σλ) has a discrete
series subquotient. If a local component σv of σ in a finite place v is a supercuspidal
representation, then it is a striking observation in known cases (cf. [K2, Conjecture
8.7] and [M2, Conjecture p. 817]) that the λ such that the automorphic represen-
tation I(σλ) has a discrete series subquotient correspond to those λ for which the
induced representation Iv(σλ,v) of the p-adic group G(Fv) has a square-integrable
subquotient. In [H1], using at a crucial step a trace argument inspired from [O1]
(and in addition a nonvanishing result of the residues of the µ function therein), it
has been shown that such λ in the context of p-adic groups correspond to residue
points of Harish-Chandra’s µ-function.
At first sight the contour shift procedure in the automorphic setting is quite
different. The aim of this paper is to show that at least in the unramified spherical
case the contour shift in the automorphic setting can be directly related to the
contour shift in [H1] and [O1] (in fact, we will come nearer to the form in [HO1] in
this unramified case). This enables us to prove the above observation uniformly in
the spherical case for any split reductive group.
Now assume G is any connected reductive group, defined and split over F . For
each place v of F , we let Kv be a maximal compact subgroup of Gv with, for all
non-Archimedean places, Kv = G(ov), where ov the ring of integers of Fv . Let
K :=
∏
vKv be the corresponding maximal compact subgroup of G(A). Fix an
F -Borel subgroup B = TU in G, where T is a maximal F -split torus in G and U is
the unipotent radical of B. Denote by ZG the group of adelic points of the center
of G and consider the G(A)-representation L2(G(F )ZG\G(A)) (which is isomorphic
to the subrepresentation of L2(G(F )\G(A)) on which the center acts trivially).
Denote by X∗(T ) the lattice of rational characters of T and by X∗(T ) the dual
lattice of cocharacters. Then a∗T can be seen as the real vector space R⊗X
∗(T ). Its
dual is aT := R ⊗X∗(T ). We let Φ = Φ(G,T ) ⊆ a
∗
T be the root system of G, Φ
+
the set of positive roots corresponding to B, ∆ the set of simple roots and W the
Weyl group of Φ. The real vector space spanned by the roots, which is orthogonal
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to aG := R ⊗X∗(G) ⊆ aT , will be denoted a
G∗
T ⊆ a
∗
T and its complexification will
be denoted by aG∗T,C ⊆ a
∗
T,C.
In this paper, we are interested in spherical automorphic forms (i.e. the subrep-
resentation of L2(G(F )ZG\G(A)) generated by their K-invariant functions) which
are supported by the cuspidal datum X = [T, 1], where 1 denotes the orbit of the
trivial character of T (F )\T (A). Let L2(G(F )ZG\G(A))[T,1] denote the space of au-
tomorphic forms supported by [T, 1]. Its space of K-fixed vectors is topologically
generated by the pseudo-Eisenstein series,
(2) θφ(g) =
∫
Re(λ)=λ0≫0
φ(λ)E(λ, g)dλ,
in which E(λ, g) denotes the unramified Borel Eisenstein series (see equation (55)),
φ ∈ PW (aG∗T,C), the space of Paley-Wiener function on a
G∗
T,C, and the notation
Re(λ) = λ0 ≫ 0 means that one integrates over λ with real part equal to a fixed
element in the positive Weyl chamber of aG∗T far away from the walls and the origin.
Remark 1.1. More generally (see [MW2, Chapter II]), for each Paley-Wiener func-
tion φ with values in indK
K∩T (A)1 one can define an Eisenstein series E(φ, λ) and a
corresponding pseudo-Eisenstein series
(3) θφ(g) =
∫
Re(λ)=λ0≫0
E(φ, λ)(g)dλ.
The space L2(G(F )ZG\G(A))[T,1] is then generated by these pseudo-Eisenstein se-
ries. In the present case of K-spherical functions, φ takes values in (indK
K∩T (A)1)
K ≃
C and one can check that the two expressions for the pseudo-Eisenstein series (2)
and (3) agree.
If φ and ψ are in PW (aG∗T,C), then the formula for their inner product (θφ, θψ) (cf.
[MW2, II.2.1]) can be expressed in our setting in terms of the completed Dedekind
zeta-function Λ(s) (i.e. the zeta-function ζ(s) associated to F by Dedekind, com-
pleted at the infinite places and including the factor corresponding to the discrim-
inant of F ) in the following way, where φ−(λ) := φ(λ) is again a Paley-Wiener
function:
(4) (θφ, θψ) =
∫
Re(λ)=λ0≫0
∑
w∈W
∏
α∈Φ+∩w−1Φ−
Λ(α∨(λ))
Λ(α∨(λ) + 1)
φ−(−wλ)ψ(λ)dλ.
Among others, Λ(s) satisfies the well-known analytic properties:
(a) Λ(s) is meromorphic with simple poles at 0 and 1,
(b) Λ(s) has zeroes only for 0 < Re(s) < 1,
(c) Λ(s) satisfies a functional equation Λ(s) = Λ(1− s).
Our results will be formulated in terms of the L-group LG of G. As G is split,
one can take here for LG the dual group of G, so that LG is a complex connected
reductive group. From the celebrated results of Bala-Carter (see [BC] and [Car]),
there is a bijection between the (finite) set of unipotent conjugacy classes o of the
dual group LG and the set of conjugacy class of pairs {(LM, LP )} with LM a Levi
subgroup of LG and LP a distinguished parabolic subgroup of LM
′
, the derived
group of LM . Fix, once and for all, a complete set of representatives for each LG-
class with the assumptions that LM ⊆ LG is a Levi which contains LT , the maximal
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torus of LG corresponding to T , and LP is a parabolic subgroup of LM
′
containing
LT ∩ LM
′
. We have thus a bijection
o↔ (LMo,
LP o).
Each representative (LMo,
LP o) uniquely defines a subspace a
∗
Mo
⊆ a∗T , in which
Mo is the Levi of G corresponding to
LMo. We will also write a
G∗
Mo
to denote the
subspace of a∗Mo which is orthogonal to a
∗
G. Let a
Mo∗
T be the subspace of a
∗
T that is
generated by the roots of Mo relative to T , so that a
∗
T = a
∗
Mo
⊕aMo∗T . Then, we also
have a uniquely defined element λMo(o) ∈ a
Mo∗
T such that 2λMo(o) is the weighted
Dynkin diagram of the distinguished parabolic. We will omit the subscript when
Mo = G.
Theorem 1. For each unipotent orbit o, there exists a positive measure µo (see
(50)) on the W -orbit of the affine subspace Lto := λMo(o) + ia
G∗
Mo
and a positive
semidefinite Hermitian form 〈·, ·〉o on the space PW (a
G∗
T,C) such that
(θφ, θψ) =
∑
o
〈φ,ψ〉o,
for all φ,ψ ∈ PW (aG∗T,C), which induces an isometry of Hilbert spaces
L2(G(F )ZG\G(A))
K
[T,1]
∼=
(
⊕o L
2(WLto, µo)
)W
= ⊕o L
2(Lto, µ˜o)
W (LMo,LPo),
where W (LMo,
LPo) is the Weyl group of (
LMo,
LPo), cf. (53) and µ˜o = moµo|Lt
o
,
with mo the number of distinct affine subspaces of the form w(L
t
o) with w ∈W .
Let H(G(A),K) = ⊗′vH(Gv,Kv) denote the global spherical Hecke algebra, in
which H(Gv ,Kv) denotes the corresponding spherical Hecke algebra of each local
place v. This algebra is equipped with a ∗-structure coming from each local factor
(see (58) and (59)). It acts by convolution on the space of K-invariant functions on
G(F )ZG\G(A) and diagonally on
(
⊕o L
2(WLto, dµo)
)W
(see Section 3). Our main
result can then be stated in terms of the holomorphic normalized Eisenstein series
E0(λ, g) (see Section 3, (57)) as:
Theorem 2. The transform F : L2(G(F )ZG\G(A))
K
[T,1] →
(
⊕o L
2(WLto, µo)
)W
(5) F(f)(λ) =
∫
G(F )ZG\G(A)
f(g)E0(−λ, g)dg
defined for λ ∈ ∪oWL
t
o is an isometry of ∗-unitary H(G(A),K)-modules.
Assuming that o is distinguished, i.e., it does not intersect any proper Levi sub-
group, for any Archimedean or non-Archimedean place v, denote by πv,λ(o) the
unique irreducible spherical subquotient of the (unramified) principal series repre-
sentation of the local group Gv induced by the character of Tv corresponding to
λ(o), and denote by πλ(o) the irreducible representation of G(A) given by
(6) πλ(o) = ⊗
′
vπv,λ(o),
which has a K-invariant vector. Each K-invariant normalized Eisenstein series
E0(λ(o), g) (see Section 3, (57)) generates an admissible G(A)-subrepresentation
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of L2(G(F )ZG\G(A))[T,1] ([HC], see also the survey [Co, Theorem 3.5]) whose space
of K-invariants is one dimensional. From the unitarity of L2(G(F )ZG\G(A))[T,1],
it follows that this subrepresentation is irreducible and hence isomorphic to πλ(o).
Moreover, these subrepresentations are inequivalent for distinct unipotent orbits o.
Let L2(G(F )ZG\G(A))[T,1],d be the discrete part of L
2(G(F )ZG\G(A))[T,1], i.e.,
the closure of the span of all topologically irreducible G(A)-subrepresentations, we
obtain the following representation-theoretic corollaries:
Corollary 1. Let L2(G(F )ZG\G(A))
sph
[T,1],d be the smallest closed and G(A)-invariant
subspace of L2(G(F )ZG\G(A))[T,1],d containing (L
2(G(F )ZG\G(A))[T,1],d)
K. This
space is multiplicity-free and decomposes as
L2(G(F )ZG\G(A))
sph
[T,1],d =
⊕
o
πλ(o),
with the sum indexed by the finite set of distinguished unipotent orbits.
Proof. Let A := L2(G(F )ZG\G(A))[T,1]. Its subspace of K-invariants is a module
for the commutative C∗-algebra C∗(G(A),K), given as a C∗-completion of the con-
volution algebra L1(G(A),K). Thus, there is a unique decomposition of the discrete
part of AK which, by Theorem 2, is
(7) (AK)d ∼=
⊕
o
πKλ(o),
a finite multiplicity-free orthogonal direct sum of irreducible C∗(G(A),K)-modules.
On the other hand, as G(A) is of type I (see [Cl, Theorem A.1]), Ad decomposes
uniquely as an orthogonal direct sum of irreducible G(A)-invariant subspaces. One
checks that there is a bijection between irreducible C∗(G(A),K)-modules and ir-
reducible representations of G(A) with K-fixed vector, by taking respectively the
closure of the space generated by the global Hecke algebra and invariants by K.
From this and the fact that the space of K-invariants of an irreducible G(A)-
subrepresentation of A has positive measure [D, Proposition 8.6.8(ii)], one checks
that (Ad)
K = (AK)d. Comparing with (7), we obtain the result. 
Corollary 2. For each distinguished o, the local factors πv,λ(o) of πλ(o) are unitary
representations for all places v.
Remark 1.2. In many special classes of reductive groups similar results on the
K-spherical automorphic spectrum have been obtained [J], [L], [K1], [Mi], [M1] and
[MW1]. (We remark that the results on exceptional groups in [Mi] are partly based on
computer assisted computations.) We present here a new uniform and conceptual
approach which also takes care of the remaining cases left open by the previous
authors. Such results are all in accordance with Arthur’s conjectures [A]. We hope
that a similar, more elaborate, uniform method, based on the ideas presented here,
can be applied to a more general setting.
Let us give a rough outline of the main new argument in this paper. After some
elementary manipulations we will recast the right hand side of (4) in a form using
a functional XV,pV on the Paley-Wiener space (see (19) for the precise formula).
This functional turns out to be intimately related to the functional defined in [HO1,
Equation (3.8)] in the context of the harmonic analysis of graded affine Hecke alge-
bras, but with the extra complication that the kernel is meromorphic rather than
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entire, with possible poles in a critical region derived from the critical zeroes of Λ.
In the context of [HO1], it was shown that such a functional has a canonical decom-
position as a finite sum of tempered residue distributions, which can be computed
using a (not canonical) system of contour shifts. In the present context we meet the
additional challenge to show that one can choose a system of contour shifts which
avoids the critical region at all times. This is nontrivial, since at first sight the con-
tours defining the lower dimensional spectral series are lying in the critical region.
However, based on an sl2-argument, whose essential part is Lemma 2.17, we shall
prove that certain cancellations take place in the restriction of the kernel to the
corresponding lower dimensional residual subspaces L, creating a window of holo-
morphy wide enough to perform the necessary contour shifts without ever seeing the
critical poles (cf. Lemma 2.18). Also, using a suitable holomorphic normalization of
the Eisenstein series (cf. Lemma 3.1) we write down an explicit integral transform
to describe the automorphic spectrum.
2. The scalar product of pseudo Eisenstein series and graded Hecke
algebras
2.1. The Hecke algebra c-function. We will denote by Lg the Lie algebra of LG.
We will fix Lt ⊆ Lb ⊆ Lg a Cartan and a Borel subalgebras corresponding to LT and
LB and will denote the root system of (LG, LT ) by Φ∨, which is the dual to Φ, the
root system of (G,T ), and ∆∨ is the set of simple roots. We have a decomposition
(8) Lg = Ln⊕ Lt⊕ Ln,
with Ln the nilpotent radical of Lb and Ln its opposite. Moreover, we will work in
a setting closely related to the one in [HO1] and use some results therein. Because
of this we will adhere to those notations. We thus define
(9) V := aG∗T ,
where we recall that aG∗T ⊆ a
∗
T is the subspace spanned by the roots of (G,T ). We
will write VC for the complexification of V . We fix once and for all a W -invariant
Euclidean inner product on V , even though the results of this paper are independent
of this choice.
With the identification (9), we have that Φ∨ ⊆ V ∗, V+ denote the fundamental
chamber of V with respect to ∆∨ and the pairing V ∗
C
× VC → C is denoted by
(ξ, λ) 7→ ξ(λ).
The measure dλ of (2) is defined as follows. Let {y1, . . . , yr} be a basis of the
orthogonal projection of X∗(T ) onto V
∗. Then dλ on iV is given by
(10) dλ :=
dy1 ∧ · · · ∧ dyr
(−2πi)r
.
Let us now rewrite (4) in such a way that the Residue Lemma [HO1, Lemma 3.1]
becomes applicable. Put
(11) γH(s) :=
s+ 1
s
, γ−
H
(s) := γH(−s).
and write
(12) cH(λ) :=
∏
α∈Φ+
γH(α
∨(λ)), c−
H
(λ) := cH(−λ),
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so that one has c−
H
(λ) =
∏
α∈Φ+ γ
−
H
(α∨(λ)). We will also write γ+
H
and c+
H
for γH and
cH respectively, if this seems appropriate.
The rational function cH on VC is in fact the c-function of the graded Hecke algebra
with (infinitesimal) Hecke parameter kα = 1 for all α (see [HO1, (1.8)]).
We define in addition a global c-function by
c(λ) :=
∏
α∈Φ+
γ(α∨(λ)),
with γ(s) := 1
s2Λ(−s)
. Define
(13) ρ(s) := s(s− 1)Λ(s).
Hence, we have
(a) ρ(s) is an entire function,
(b) ρ(s) has zeros only for 0 < Re(s) < 1,
(c) ρ(s) satisfies the functional equation ρ(s) = ρ(1− s),
(d) ρ(s) is at most of polynomial growth as |t| → ∞ on vertical lines σ + it,
(e) ρ(s)−1 is at most of polynomial growth on vertical lines σ + it for σ ≥ 1,
(the analytic properties of items (d) and (e) use the rapid decay of the gamma
function on vertical lines and the estimates for ζ(s) and ζ(s)−1 near the line σ = 1,
see e.g., [Stas] and [JL, Section 10.6]) and we see that
γ(s) =
γH(s)
ρ(−s)
=
γH(s)
ρ(s+ 1)
.
A straightforward computation shows that:
Lemma 2.1. Let f be a function of one complex variable, and define a function ϕ
on VC by ϕ(λ) =
∏
α∈Φ+ f(α
∨(λ)). For all w ∈W we have
ϕ(wλ)
ϕ(λ)
=
∏
α∈Φ+∩w−1Φ−
f(−α∨(λ))
f(α∨(λ))
Let r be the entire function on VC defined by
r(λ) :=
∏
α∈Φ+
ρ(α∨(λ)).
As a consequence of Lemma 2.1 (and W -invariance of cH(λ)cH(−λ) and r(λ)r(−λ))
we obtain various identities, like:
(14)
c(−wλ)
c(−λ)
=
∏
α∈Φ+∩w−1Φ−
Λ(α∨(λ))
Λ(α∨(λ) + 1)
=
cH(−wλ)
cH(−λ)
r(λ)
r(wλ)
=
cH(λ)
cH(wλ)
r(λ)
r(wλ)
=
c(λ)
c(wλ)
.
Similarly, we see that
(15)
r(λ)
r(wλ)
=
∏
α∈Φ+∩w−1Φ−
ρ(α∨(λ))
ρ(α∨(λ) + 1)
.
It follows that the pole set of the meromorphic function r(λ)r(wλ) is a union of hyper-
planes of the form α∨(λ) = z where −1 < Re(z) < 0 and α ∈ Φ+ ∩w−1Φ−.
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Inserting (14) in (4) we obtain
(16) (θφ, θψ) =
∫
Re(λ)=λ0≫0
Rφ(λ)ψ(λ)
dλ
cH(−λ)
,
in which the meromorphic function Rφ is given by
(17) Rφ(λ) :=
∑
w∈W
cH(−wλ)φ
−(−wλ)
r(λ)
r(wλ)
.
We note in passing that the meromorphic function r−1Rφ is W -invariant. Due to
its importance, we define the summand Rφ,w as the rational function of VC
(18) Rφ,w(λ) := cH(−wλ)φ
−(−wλ)
r(λ)
r(wλ)
,
so that we can write Rφ =
∑
wRφ,w.
For a point pV ∈ V outside the set of poles of cH(−λ)
−1 we define a linear
functional XV,pV on PW (VC), the space of Paley-Wiener functions on VC, by (cf.
[HO1, equation (3.8)]):
(19) XV,pV (f) :=
∫
Re(λ)=pV
f(λ)
dλ
cH(−λ)
.
For pV = λ0 as in (2), we use (19) to rewrite (16) as
(20) (θφ, θψ) = XV,pV (ψRφ).
We would like to apply the support results [HO1, Proposition 3.6, Corollary 3.7,
Theorem 3.13] and [O2, Theorem 6.1] to the expression (20). In order to do so we
need to show that the additional poles of Rφ coming from the factors
r(λ)
r(wλ) with
w ∈W do not interfere with the process of iteratively taking residues as in [HO1].
2.2. Residual distributions. Given an affine subspace L ⊆ V , write L = cL+V
L,
where V L ⊆ V is a subspace, and cL is the element of L which is of minimum distance
to the origin. We call cL the center of L, and we write LC = cL + V
L
C
⊆ VC for its
complexification. We define the tempered form of L to be Lt := cL+ iV
L. Given
α∨ ∈ V ∗, we will write α∨(L) = cst to indicate that α∨ is constant on L. An affine
subspace of V defines a subset ΦL ⊆ Φ consisting of all roots α ∈ Φ whose coroots
are constant on L. We will denote by VL ⊆ V the span of ΦL.
Definition 2.2. An affine subspace L ⊆ V is called a residual subspace if
(21) |{α ∈ Φ | α∨(L) = 1}| = |{α ∈ Φ | α∨(L) = 0}|+ codimV (L).
We will denote the set of all residual subspaces by L and the set of centers of residual
subspaces by C.
Remark 2.3. Note that V is trivially residual. Further, the notion of residual
subspace depends on (V,Φ). In particular, the definition above implies that, if L =
cL + V
L is a residual subspace of V , then cL is a residual point with respect to
(VL,ΦL).
Write ω(λ) := dλcH(−λ) for the rational n-form of the functional XV,pV defined above
in (19), and denote by H(ω) the collection of hyperplanes it defines. Let L(ω) be the
lattice of intersection of elements of H(ω) and C(ω) be the set of their centers. Using
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the Residue Lemma [HO1, Lemma 3.1], it follows that there is a unique collection
of tempered distributions {Xc | c ∈ C(ω)} such that
(a) supp(Xc) ⊆ ∪{iV
L | L ∈ L(ω) with cL = c}
(b) XV,pV (f) =
∑
c∈C(ω)Xc (f(c+ ·)), for all f ∈ PW (VC).
Elements in the collection {Xc | c ∈ C(ω)} just described, are called local contri-
butions. Among them, many are identically zero. A first step towards determining
which Xc is nonzero, and thus the support of XV,pV , is to introduce the functional
YV,pV ∈ PW (VC)
∗ given by
(22) YV,pV (f) :=
∫
Re(λ)=pV
f(λ)η(λ),
for all f ∈ PW (VC) and with η(λ) :=
dλ
cH(−λ)cH(λ)
. We similarly define the sets H(η),
L(η) and C(η). We then apply the Residue Lemma to YV,pV to obtain a collection of
local distributions {Yc | c ∈ C(η)} whose properties we summarize in the following
Theorem. In it, for each residual subspace L ∈ L, from V = VL ⊕ V
L, we let pL
denote the projection of pV onto VL, rL := dimV
L and {y1, . . . , yrL} be a basis a
basis of the canonical projection of the lattice X∗(T ) ∩ (VL)
⊥ onto V ∗. We have a
lower rank functional YVL,pL and we denote by YΦL,cL its local contribution at the
(VL,ΦL)-distinguished point cL ∈ VL.
Theorem 2.4. For c ∈ C(η) ∩ V+, the local contribution Yc of YV,pV admits a
decomposition
(23) Yc(f(c+ ·)) =
∑
{L∈L(η) | cL=c}
YL(f(c+ ·)),
where the functional YL is a positive measure on iV with support on iV
L that satisfies
YL = 0 unless L is residual. More precisely, YL is defined by
YL(g) := YΦL,cL({cL})
∫
iV L
g(λL)dµL(λL),
for any g ∈ PW (VC), in which, YΦL,cL({cL}) denotes the total mass of YΦL,cL and
for λL ∈ iV L,
(24) dµL(λL) :=
∏
α∈Φ+\ΦL
α∨(cL)
2 + α∨(ImλL)2
(α∨(cL)− 1)2 + α∨(ImλL)2
dλL
with dλL a measure on iV L given by
(25) dλL :=
dy1 ∧ · · · ∧ dyrL
(−2πi)rL
.
Moreover, in each W -orbit of residual subspaces there exists at least one element L
for which YΦL,cL({cL}) > 0.
Proof. The first part is similar to [HO1, Theorem 3.13]. The moreover part is item
(A) of [O2, Theorem 6.1]. 
Further, there is a precise link between the local contributions of XV,pV and YV,pV
which we describe in what follows. But for that, given any c ∈ V , let Wc denote the
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isotropy group of c and define the averaging operator Ac acting on meromorphic
functions on VC via
(26) Ac(f)(λ) :=
1
|Wc|
∑
v∈Wc
cH(vλ)f(vλ).
These operators were introduced in [HO1, (3.10)] and satisfy the property that, if
f is holomorphic on a tubular neighborhood U + iV of c + iV , then Ac(f) is also
holomorphic. Our interest is when c ∈ C(η). For example, when c = 0, the center
of the (trivially) residual subspace V and for the exponential function eξ defined as
λ 7→ eξ(λ), for ξ ∈ V , we obtain
(27) A0(e
ξ)(λ) =
1
|W |
∑
w∈W
cH(wλ)e
ξ(wλ),
which is the elementary spherical function φ(λ, 1, ξ) discussed in [HO1, (1.9)] with
parameter kα = 1, for all α. We will also use the version
A−c (f)(λ) =
1
|Wc|
∑
w∈Wc
c−
H
(wλ)f(wλ),
corresponding to the parameter kα = −1 for all α (see (12)). We now state the
promised link between the local contributions of XV,pV and YV,pV . It is a slight
variation of [HO1, Proposition 3.6].
Proposition 2.5. Let c ∈ C(η) ∩ V+. Then for all w ∈W we have:
(28) Xwc = Yc ◦ w
−1 ◦Awc.
Remark 2.6. We can generalize the definition of the averaging operators Ac as in
(26) to AΨ,c for any root system Ψ ⊆ V , independently if Ψ spans V or not. For
that, let W (Ψ) be its Weyl group, W (Ψ)c the stabilizer of c in W (Ψ) and cH,Ψ be
the c-function cH with only roots of Ψ
+ as factors. We will omit the reference to Ψ
when Ψ = Φ.
Corollary 2.7. A local contribution Xc of the functional XV,pV satisfies Xc = 0,
unless c = cL with L residual. In particular,
(29) XV,pV (f) =
∑
c∈C
Xc(f(c+ ·)),
for all f ∈ PW (VC).
Proof. Note that C(ω)∩V+ = C(η)∩V+ and that C(ω) ⊆W (C(ω)∩V+). The result
now follows from Proposition 2.5 and Theorem 2.4. 
Looking closer to the existence part of the Residue Lemma one obtains, similarly
to (23), that there is a decomposition of each local contribution of XV,pV as
(30) Xc(f(c+ ·)) =
∑
{L∈L | cL=c}
XL(f(c+ ·)),
for some distributions XL on c + iV with support on L
t. Such a discussion was
carried out in [O2, Section 3.1, (3.28)] using results of [O1]. The splitting of Xc
in terms of a collection of distributions {XL | L such that cL = c} as in (30) is
not canonical, as it depends on how one deforms the contours of integration. But
the sum Xc is canonical. Our strategy to compute (4) will be to show that we can
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construct a collection of distributions by an iterative shift of contours in such a way
that we never cross the pole-set of (17).
Remark 2.8. A consequence of the definition of XL as in [O2] is that, if nonzero
its support is always Lt. In particular, Xc is nonzero if and only if there is an L
with cL = c and XL is nonzero.
Remark 2.9. The distributions XL, which a priori are distributions on PW (VC),
are extended to functions involving factors ρ(α∨(λ)) or ρ(α∨(λ)+1)−1, for λ ∈ Lt =
cL + iV
L, as long as α∨(cL) ≥ 0, because of the polynomial growth of these factors
in this region (see properties (d) and (e) of ρ(s) in Section 2.1).
2.3. Vanishing conditions. The aim of this subsection is to give a sharp crite-
rion to determine when the local contributions {Xc | c ∈ C} of (29) are nonzero.
The choices of LB and LT made in Section 2.1 yield a based root datum R∨ =
(X∗(T ),Φ
∨,X∗(T ),Φ,∆∨). We let q ∈ R>1 be the cardinality of the residue field
of the completion of F at a non-Archimedean place. Consider H(R∨, q), the corre-
sponding affine Hecke algebra, as in [O1, Theorem 2.2] and we let H(R∨, 1) denote
the associated graded algebra with equal parameter 1. The idea is to link the dis-
tributions Xwc, with the representation theory of these algebras. For that, we will
need some preliminary facts. We start with the relation between affine residual sub-
spaces and nilpotent orbits of Lg. The following proposition summarizes what we
need, and proofs can be found in [O1, Appendix B] (see also [O2, Section 7] and
[H2, Proposition 6.2]).
Proposition 2.10. (a) There is a bijective correspondence oWL ↔WL between
the set of nilpotent orbits of the Langlands dual Lie algebra Lg and the set
of W -orbits of residual subspaces.
(b) There is a bijective correspondence between the set of W -orbits of residual
subspaces and the set of W -orbits of centers c = cL of residual subspaces. In
particular, distinct W -orbits of tempered residual subspaces are disjoint.
(c) For each residual L with center cL there exists a Lie algebra homomorphism
ϕ : sl2 →
Lg with ϕ(e) = n ∈ oWL and ϕ(h) = 2cL, with {e, h, f} the
standard basis of sl2.
(d) If c = cL then α
∨(2cL) ∈ Z for all α ∈ Φ, and α
∨(cL) ∈ Z for all α ∈ ΦL.
(e) If we choose c = cL in its Weyl group orbit so that c is dominant, then 2c is
the weighted Dynkin diagram associated to oWL.
Recall that a residual subspace L defines a parabolic root system ΦL. We let
W (ΦL) denote the Weyl group of this root system and we define Fix(L) ⊆ W (ΦL)
to be the pointwise fixator of L. Let also
(31) cH,L(λ) :=
∏
α∈Φ+
L
γH(α
∨(λ))
and we define cL
H
by the equation cH(λ) = c
L
H
(λ)cH,L(λ). Let M
L denote the lo-
calization of the ring O(VC) of holomorphic functions on VC with respect to the
complement of the prime ideal corresponding to LC. Let also M(LC) denote the
ring of meromorphic functions on LC. There is a well-defined evaluation map
eL : M
L → M(LC) restricting an element of M
L to LC. Observe that c
L
H
∈ ML
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according to the above condition. We define an operator AL ∈ End(ML) by
(32) AL(f)(λ) := |Fix(L)|−1
∑
w∈Fix(L)
cH(wλ)f(wλ).
Remark 2.11. Observe that O(VC) is not mapped to itself because of the factors
cL
H
∈ ML. Note also that AL(f) = AΦL,cL(c
L
H
f). In particular AL = Ac if L = {c},
a residual point. More generally, if c = cL, we also have:
(33) Ac(f)(λ) =
|Fix(L)|
|Wc|
∑
w∈Wc/Fix(L)
AwL(f)(wλ).
Finally, these operators satisfy:
(34) AL(f)(λ) = AL,−(f ◦ (−id))(−λ).
Lemma 2.12. Let L be a residual subspace with cL = c ∈ C∩V+ and w ∈W . Then,
for every f ∈ PW (VC), it holds that
Xwc(f(wc+ ·)) = YΦL,c({c})
∑
{M∈L | cM=c}
∫
Mt
AwM (f)(wλ)dµL(Im(λ)).
Proof. We use (28), (33) and Theorem 2.4 to obtain that, for all Paley-Wiener
function f , it holds that
Xwc(f(c+ ·)) =
∑
{L | cL=c}
YL (Awc(f)(w(c + ·))
= YΦL,c({c})
∑
{M | cM=c}
∫
Mt
AwM(f)(wλ)dµL(Im(λ)),
where, for the last equality, we used that YΦL,c({c}) = YΨM ,c({c}), for all L,M such
that cL = c = cM (see [O1, Theorem 3.27(i)]). 
In [Re1, Corollary 5.13], Reeder gave a condition for the nonvanishing of the
weight spaces of the unique anti-spherical constituent of the unramified minimal
principal series for the Hecke algebra H(R∨, q), with central character Wτ , for
τ ∈ V . More precisely, let U−(τ) denote the unique anti-spherical module as above
and assume that q′, the q−1-eigenspace of the action of Ad(τ) on Lg is contained in
Ln. We have:
Theorem 2.13 ([Re1]). If w ∈W , the weight space U−(τ, wτ) 6= 0 if and only if
q′0 ∩Ad(w
−1)(Ln) 6= ∅,
where q′0 is the unique open orbit of M = CLG(τ)
◦ on q′.
Using Reeder’s result, we will obtain a precise understanding of the support of
the functional XV,pV Let q := {x ∈
Lg | ad(L)x = x} and C := CLG(L)
◦. Also, let
q0 denote the unique dense orbit of C on q.
Proposition 2.14. Let L be a residual coset and let c = cL be its center. Assume
that the residual subspace L is chosen in its W -orbit such that c = cL is dominant.
Let oWL ⊆
Lg be the nilpotent orbit associated with WL as in Proposition 2.10 and
let w ∈W . The following are equivalent:
ON THE UNRAMIFIED SPHERICAL AUTOMORPHIC SPECTRUM 13
(a) There exists a homomorphism ϕ : sl2 →
Lg such that ϕ(h) = 2c and ϕ(e) ∈
q ∩ oWL ∩Ad(w
−1)(Ln).
(b) The restriction to wL of AwL(f) is not identically equal to 0 for some Paley-
Wiener functions f on VC.
(c) The distribution Xwc is nonzero.
Proof. It will be proven (a) ⇔ (b) ⇔ (c). For the first, note that q0 = oWL ∩ q.
Pick λ ∈ V L such that c + iλ ∈ LC is a generic element and let t := q
iλ. We are
then in condition to apply [Re1, Corollary 5.13] and conclude that (a) is equiva-
lent to the nonvanishing of the wτ weight space of the unique antispherical module
for H(R∨, q) with central character Wτ , for τ = q−ct−1. Using the involution
ι : H(R∨, q−1)→H(R∨, q) that sends Ti 7→ −q
−1Ti (cf. [HO2, (3.8)]) and Lusztig’s
reduction theorems [Lu] we see that the last assertion is equivalent to the nonvan-
ishing of the −w(c+ iλ)-weight space of the unique spherical module for H(R∨,−1)
with central character −W (c + iλ). To prove that this last condition is equivalent
to (b), let µ := c + iλ. From [HO1, Section 2], the unique spherical module for
H(R∨,−1) with central character W (−µ) is generated by the elementary spherical
function (cf. [HO1, (1.9)] and (27)), which can be written as
A−0 (e
ξ)(−µ) =
|Fix(L)|
|W |
∑
w∈W/Fix(L)
AwL,−(eξ)(−wµ),
for all ξ ∈ V ∗
C
. Thus, using (34), the nonvanishing of the weight space is equivalent
to saying that AwL(e−ξ)(wµ) is not constantly zero as a function of ξ. Let us now
show that, if AwLe−ξ(wµ) = 0 for all µ ∈ LC, then it holds that A
wLf |wL ≡ 0 for
all f ∈ PW (VC). From the Euclidean Paley-Wiener Theorem, given f ∈ PW (VC),
there is a compactly supported smooth function ϕ ∈ C∞c (V
∗) such that f(λ) =∫
ξ∈V ∗ ϕ(ξ)e
−ξ(λ)dξ. Thus, for all λ ∈ VC
(AwLf)(wλ) =
∫
ξ∈V ∗
ϕ(ξ)(AwLe−ξ)(wλ)dξ,
in which the exchange of the summation symbol and the integration symbol is jus-
tified because of the compact support of ϕ. It follows from this that the vanishing
of (AwLe−ξ)(wµ), as a function of ξ, for µ ∈ LC, implies (A
wLf)|wLC = 0, for all
Paley-Wiener functions in VC. Conversely, suppose (A
wLe−ξ)(wµ) is nonvanishing.
Let f1 be a Wwc-invariant Paley-Wiener function on VC such that f1(wµ) 6= 0. Put
f2 = f1e
−ξ ∈ PW (VC). Then,
(AwLf2)(wµ) = f1(wµ)(A
wLe−ξ)(wµ) 6= 0.
We thus proved (a) is equivalent to (b).
In view of Lemma 2.12, (c) implies (b). Conversely, note that each residual
subspace LC is determined by a finite set of affine hyperplanes α
∨(λ) = 1. For each
such hyperplane, let gα(λ) := (α
∨(λ) − 1) be the corresponding defining function.
Then,
(35) g(λ) =
∏
gα,
with the product over all α ∈ Φ such that α∨(L) is not constantly 0, is a holomor-
phic Fix(L)-invariant function on VC such that g|M is constantly 0 for all M 6= L.
14 MARCELO DE MARTINO, VOLKER HEIERMANN, AND ERIC OPDAM
Assuming (b) and applying Lemma 2.12 for the function wgf ∈ PW (VC), (with
wg(λ) = g(w−1λ)), one has
Xwc(
wgf(wc+ ·)) = YΦL,c({c})
∫
Lt
g(λ)AwL(f)(wλ)dµL(Im(λ)).
and the result will follow if YΦL,c({c}) is nonzero. If it were the case that YΦL,c({c})
is zero, then the unique spherical representation with central character W (ΦL)c of
the lower rank graded Hecke algebra HL(Φ
∨,+
L ,−1) would not be a discrete series.
But, assumption (b) implies that this module is a discrete series, using Reeder’s
result [Re1, Corollary 5.13] and [KL]. 
At this point, we have enough information about the functional XV,pV at our
disposal, and we remind the reader that our goal is to evaluate (20). Our next task
will be to determine when the summand Rφ,w|LC of (18) is nonvanishing, for L ∈ L.
Lemma 2.15. For any w ∈W and any residual L we have r(−wλ)−1 ∈ ML.
Proof. The set of poles of r(−wλ)−1 is a union of hyperplanes of the form α∨(λ) = z
with Re(z) ∈ (−1, 0). On the other hand, if α∨ is constant on L then α ∈ ΦL, and
by Proposition 2.10(c) this implies that α∨(L) ∈ Z. 
By the previous lemma we conclude that it makes sense to write
Rφ(−λ) = r(−λ)|W |A0
(
φ−
r ◦ (−id)
)
(λ)
and that the argument of the operator A0 belongs toM
L for every residual subspace
L. Let L be a residual subspace, with pointwise fixator Fix(L) ⊆ W . Let WL ⊆
W denote a complete set of representatives for W/Fix(L). We can write the last
equation, using (33), in the form
Rφ(−λ) = r(−λ)|Fix(L)|
∑
u∈WL
(
AuL
(
φ−
r ◦ (−id)
)
◦ u
)
(λ),
or equivalently, using (34)
(36) Rφ(λ) = r(λ)|Fix(L)|
∑
u∈WL
(
AuL,−
(
φ− ◦ (−id)
r
)
◦ u
)
(λ).
In particular, the restriction of Rφ to LC is well defined as a meromorphic function.
We end this subsection with the promised condition about the vanishing of Rφ,w|LC .
Corollary 2.16. Let L be as in Proposition 2.14 and let v,w ∈ W . The only
summands Rφ,w of (18) which have a nonzero restriction to vLC are those such that
there is an sl2-homomorphism with ϕ(h) = 2c and ϕ(e) ∈ q0 ∩ Ad(v
−1w−1)(Ln).
This set of Weyl group elements is a union of left cosets for WvL.
Proof. If u ∈ Fix(L) then Ad(u) comes from conjugation by an element of NC(
Lt).
Therefore Ad(u)(q0) = q0, showing that the condition on w is preserved by multi-
plication on the right with elements of WvL.
Next, we analyze the restriction to vL of the summands Rφ,w of Rφ. Since for
every residual subspace L one has −L ∈ WL (see [HO1], or [O2] for an intrinsic
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argument), let µ = −w0λ ∈ L, with λ ∈ L and w0 the longest element of W . Using
(36), (18) and (34) we get
Rφ,w(vλ) =
(
r
[
Awvw0L
(
φ−
r ◦ (−id)
)
◦ (−w)
])
(vλ),
thus, it holds that Rφ,w|vLC is nonzero if and only if A
wvw0L
(
φ−
r◦(−id)
)
restricted to
wvw0LC is nonzero, which implies that there exists a Paley-Wiener function f such
that Awvw0L(f) is not constantly zero. From Proposition 2.14, we can find ϕ such
that ϕ(e) ∈ q0∩Ad(w0v
−1w−1)(Ln). Replacing ϕ by ϕ′ := γ ◦Ad(w0)◦ϕ where γ is
the Cartan involution of Lg, one checks that ϕ′ satisfies the criterion. The converse
is similar. 
2.4. The contour shift argument. Let L ∈ L be such that cL is dominant,
v,w ∈ W and assume that both XvcL 6= 0 and that Rφ,w|vLC 6= 0. (Remark that
these conditions are never satisfied if w = 1). Using Proposition 2.14 and Corollary
2.16, there exist Lie algebra homomorphisms ϕ′, ϕ′′ : sl2 →
Lg such that ϕ′(h) =
ϕ′′(h) = 2cL and
(37)
ϕ′(e) ∈ q0 ∩Ad(v
−1)(Ln)
ϕ′′(e) ∈ q0 ∩Ad(v
−1w−1)(Ln)
As both ϕ′(e), ϕ′′(e) ∈ q0, we can in fact take ϕ
′ = ϕ′′ in (37). Therefore in this
situation there exists a homomorphism ϕ = Ad(v)ϕ′ such that
(38)
ϕ(h) = 2vcL
ϕ(e) ∈ Ln ∩Ad(w−1)(Ln).
In view of equation (38), the roots occurring in Ln ∩ Ad(w−1)(Ln) are those in
Φ+ ∩ w−1Φ−. Let us denote this set of roots by
Φ(w) := Φ+ ∩ w−1Φ−.
Lemma 2.17. Let L ∈ L such that cL ∈ V+ and v,w ∈ W such that Rφ,w|vLC is
nonzero. Consider the restriction of the product r(λ)r(wλ) to vL. The roots α ∈ Φ(w)
such that the restriction of ρ(α∨(λ) + 1) to vL is nonconstant and appears in the
denominator of the restriction of (15) to vL satisfy α∨(vcL) ≥ 0.
Proof. When we restrict r(λ)r(wλ) to vL certain cancellations will occur in (15) because
of the additional affine integral relations between the restricted roots of the set Φ(w)
due to root strings of coroots which have a constant value on vL. By (38) there exists
a homomorphism ϕ : sl2 →
Lg such that ϕ(h) = 2vcL and ϕ(e) ∈
Ln∩Ad(w−1)(Ln).
Recall that ϕ was given by ϕ = Ad(v)ϕ′ with ϕ′ satisfying ϕ′(h) = 2cL and (37). In
particular, one has that
(39) ϕ(e) ∈
∑
Lgvα∨ ,
with the sum over the roots {α ∈ ΦL | α
∨(cL) = 1}. That said, recall from sl2
representation theory that elements in the kernel of ad(ϕ(e)) must be a linear com-
bination of highest weight vectors. Thus, ad(φ(e)) ∈ End(Ln ∩ Ad(w−1)(Ln)) will
be injective if restricted to a direct sum of root spaces Lgα∨ with α ∈ Φ(w) and
α∨(vcL) < 0. Now, given an α ∈ Φ(w), let
Φ(α, v) := {β ∈ Φ(w) | β∨|vL = α
∨|vL},
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and similar for Φ(α + 1, v). Note that if γ ∈ ΦL with γ
∨(cL) = 1 and β ∈ Φ(α, v),
then (β∨ + vγ∨)|vL = α
∨|vL + 1. Hence, from (39), it follows that
(40) ad(ϕ(e)) :

 ∑
β∈Φ(α,v)
Lgβ∨

→

 ∑
β∈Φ(α+1,v)
Lgβ∨

 .
Assuming further that α∨(vcL) < 0, we have that the map in (40) is injective and
hence |Φ(α, v)| ≤ |Φ(α + 1, v)|, so that, if Φcomp = Φ(w) \ (Φ(α, v) ∪ Φ(α + 1, v)),
one rewrites (15) as
r(λ)
r(wλ)
=
∏
β∈Φ(α,v)
ρ(β∨(λ))
ρ(β∨(λ) + 1)
×
∏
β∈Φ(α+1,v)
ρ(β∨(λ))
ρ(β∨(λ) + 1)
×
∏
β∈Φcomp
ρ(β∨(λ))
ρ(β∨(λ) + 1)
and concludes that ρ(α∨|vL+1) does not occur in the denominator of (15). It follows
that all factors ρ(α∨|vL + 1) which have a negative multiplicity (i.e. appear in the
denominator of (15)) satisfy α∨(cvL) ≥ 0. 
With Lemma 2.17 at our disposal we are ready to describe an algorithm that
consists of linear shifts of the contours of integration to compute the local residue
contributions of XV,pV in a way that we will not meet the poles of Rφ.
We start by remarking that given a subspace L ∈ L(ω) and a point pL ∈ L, we
will denote by XL,pL(f) the integral of a function f with Schwartz decay in the
imaginary direction with contour pL + iV
L:
(41) XL,pL(f) :=
∫
pL+iV L
f(λ)ωL(λ),
in which ωL(λ) is a meromorphic form on LC, regular outside the union of all
codimension 1 quasi-residual subspaces of L. Such a form ωL is produced by an
iterative contour shift, as the one that we will describe.
Next, note that because the collections H(ω) and L(ω) are finite, there exists an
ǫ > 0 such that, for all L ∈ L(ω), the ball BR(cL, ǫ) ⊆ V , avoids all hyperplanes
of H(ω) except those that contain cL and we are thus in the situation of [O2,
Proposition 3.6].
Now, a linear shift of contour from pL to cL should be interpreted in the following
sense: in the straight line [pL, cL], choose ǫL ∈ [pL, cL] ∩ BR(cL, ǫ). If necessary,
we deform ǫL in a small neighborhood to ensure that the path [pL, ǫL] intersects
the codimension 1 subspaces L(ω) ∋ M ⊆ L only in generic points pM . Then, the
linear shift from pL to cL is actually the shift from pL to ǫL, along the line segment
[pL, ǫL], but we remark that the choice of ǫL can be made so that if α
∨(pL) > 0 and
α∨(cL) ≥ 0 for a root α ∈ Φ
+, then, it still holds α∨(ǫL) > 0 as if ǫL was in the
interior of the segment [pL, cL]. In this situation for any meromorphic function f in
an open neighborhood of the form UL + iV of cL + iV which has Schwartz decay
in the imaginary direction and whose poles do not meet the contours of integration
in LC of the form p + iV
L with p ∈ [cL, ǫL] we have that XL,ǫL(f) = X
ǫL
L (f(cL +
·)) for a unique tempered distribution XǫLL on iV with support on iV
L. Namely
it is a boundary value distribution in the sense of [Hor, Theorem 3.1.15]. These
distributions {XǫLL | L ∈ L(ω)}, are the distributions XL of (30) (see [O2], (3.28)
and Section 3.1), and the superscript emphasizes that their definition depended on
the choices of ǫL made.
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Let us now describe the promised algorithm to compute the XL. Fix w ∈ W .
When we shift the contour, it could be the case that Rφ,w is constantly a pole for an
L ∈ L(ω) (we can only guarantee that Rφ,w is not constantly a pole if L is residual,
see Lemma 2.15) so we may not, a priori, restrict ourselves only to the residual
subspaces when performing the algorithm. For any L ∈ L(ω) let
(42) S(w,L) :=
{
α ∈ Φ(w)
∣∣∣ ρ(α∨|LC + 1) is not constant and occurs
in the denominator of r(λ)/r(wλ)|LC .
}
.
Inductively on k, the codimension of an affine subspace, we construct sets
(43) S(k) := {L ∈ L(ω) | codim(L) = k and that L satisfies (a) - (d) below}
(a) there is a finite set P (L) = {pL,i} ⊆ L obtained by previous iterations of the
algorithm,
(b) α∨(pL,i) > 0 for all pL,i ∈ P (L) and α ∈ S(w,L),
(c) Rφ,w|LC 6≡ 0,
(d) XV,pV (Rφ,w) =
∑
N XN (Rφ,w) +
∑
L,i C(L, i)XL,pL,i(Rφ,w),
in which, in (d), the first sum is indexed by {N ∈ L | codimN < k and XN 6= 0},
the second sum is indexed by L ∈ S(k) and the points {pL,i} ⊆ L, and C(L, i)
are constants that depend on pL,i. The construction goes as follows. Starting with
k = 0, let
S(0) = {V }, P (V ) = {pV },
so that (a) - (d) are trivially satisfied. Assuming that S(k) is defined, perform the
following steps:
(1) For each L ∈ S(k), choose a pL,0 ∈ P (L),
(2) shift the contours of C(L, i)XL,pL,i to pL,0, linearly,
(3) if XL 6= 0, shift pL,0 to cL linearly.
Define S(k+1) to be the collection of M ∈ L(ω) of codimension 1 in each L ∈ S(k)
that were crossed on points pM during the linear shifts of contour described in steps
(2) and (3) and such that Rφ,w|M 6≡ 0.
Lemma 2.18. In both shifts of contour described in (2) and (3), the pole-set of
r(λ)
r(wλ)
∣∣∣
LC
is not crossed.
Proof. Recall that the pole-set of r(λ)r(wλ) is a union of hyperplanes α
∨(λ) = z, with
Re(z) ∈ (−1, 0). Thus, to prove the Lemma it suffices to show that for every point
p involved in the linear shifts described in steps (2) and (3) we have α∨(p) ≥ 0 for
all α ∈ S(w,L).
In step (2), because of property (b) of the set S(k), any point p ∈ [pL,i, pL,0] satisfy
α∨(p) > 0 for all α ∈ S(w,L). Further, the condition that XL 6= 0 to perform step
(3) implies that L is residual (see Remark 2.8), so if we write L = vN with N
residual in dominant position and v ∈W we have cL = vcN and we are in condition
to use Lemma 2.17 to conclude that for all p in the interior of the segment [pL,0, cL]
it holds that α∨(p) > 0 for every α ∈ S(w,L). 
Proposition 2.19. The set S(k + 1) satisfies (a) - (d), so that the induction is
well-defined.
Proof. When we perform the linear shifts as in (2) and (3), we cross subspaces
M ∈ L(ω) of codimension 1 in the L ∈ S(k). Notice that a same codimension 1
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subspace M ∈ L(ω) may be crossed several times during the shift of different L,
but as all the collection of hyperplanes L(ω) is finite, we end up with a finite set
P (M) as in (a). These possible multiple crossings of subspaceM is what creates the
constants C(i). Moreover, in the proof of Lemma 2.18, we saw that all points pM
produced satisfy α∨(pM ) > 0, for all α ∈ S(w,L). Now, note that if β ∈ S(M,w),
and M ⊆ L, then there exist α ∈ S(L,w) such that α∨|M = β
∨|M . Hence, (b) is
also satisfied and (c) is satisfied by construction. We are left to show that condition
(d) holds. By the inductive hypothesis, it holds for S(k). Next, note that when we
perform step (2), we combine all the constants C(i) to obtain a unique integration
with contour pL,0 + iV
L and we get∑
L∈S(k)
∑
i
C(i)XL,pL,i(Rφ,w) =
∑
L∈S(k)
XL,pL,0(Rφ,w) + {codimension 1 integrals}.
Because of property (b), we have that Rφ,w|LC is not constantly a pole along L. Thus,
if it is the case that XL = 0, from [Hor, Theorem 3.1.15], one has that actually the
sum of the coefficient functions used to define XL (see [O2, (3.28)]) are already
zero, and hence, the integration XL,pL,0(Rφ,w) = 0. Hence, we can disconsider every
L ∈ S(k) such that XL = 0 and only the XL with L residual remain. Finally, when
we shift the contour using step (3), we obtain a contribution XL(Rφ,w) plus some
codimension 1 integrals for M ∈ S(k + 1), say XM,pM (Rφ,w). We thus obtain
XV,pV (Rφ,w) =
∑
{N∈L | codimN≤k}
XN (Rφ,w) +
∑
M,i
C(i)XM,pM,i(Rφ,w),
with the last sum ranging over all the M ∈ S(k + 1) and the pM,i just constructed,
so (d) is satisfied. 
Corollary 2.20. The inner product (θφ, θψ) decomposes as
(44) (θφ, θψ) =
∑
c∈C
Xc (Rφψ(c+ ·)) .
Proof. After the induction procedure described above we obtain XV,pV (Rφψ) =∑
LXL(Rφψ), with the sum over all the L such that XL 6= 0 and such that there is
a w ∈ W for which Rφ,w|LC 6≡ 0. Grouping all the terms and using (29), (30) and
(20), the result follows. 
2.5. The expression for the scalar product. The last task is to rewrite (44)
in a symmetric form to obtain a useful expression. Using (28) and a computation
similar to [HO1, Theorem 3.18], we obtain:
(45) (θφ, θψ) = |W |
−1
∑
L∈L
∫
Lt
∑
v,w∈W
φ−(−wλ)ψ(vλ)cH(−wλ)cH(vλ)
r(vλ)
r(wλ)
dνL(λ),
in which νL is the unique positive measure supported on L
t = cL + iV
L ⊆ VC
characterized by the requirement that, for all f ∈ PW (VC), we have∫
Lt
fdνL = YL(f(cL + ·))
if cL is dominant, and such that
(46) νWL :=
∑
L′⊆WL
νL′
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is a W -invariant measure. Moreover, νL is the push forward of a smooth measure
on cL + iV
L and is of the form (see [HO1, Definition 3.17] and Theorem 2.4): for
λ = cL + iλ
L ∈ Lt,
(47)
dνL(λ) :=
|W (ΦL)cL |
|AoWL |
∏′
α∈ΦL
α∨(cL)∏′
α∈ΦL
(α∨(cL) + 1)
∏
α∈Φ+\ΦL
cL(α
∨)2 + α∨(λL)2
(cL(α∨)− 1)2 + α∨(λL)2
dλL,
where |AoWL | is the cardinality of the component group of the centralizer of the
image of the sl2-homomorphism associated to WL (see Proposition 2.10) and
∏′
denotes the product over the nonzero factors. We remark that the precise constants
in (47) were not yet available in [HO1], but these can be derived by a limit procedure
from the explicit formal degree formulas for discrete series characters of Iwahori-
Hecke algebras [Re2, (0.3)] and [CKK]. These explicit formulas constitute a special
case of the proof of the conjecture [HII, Section 3.4] for unipotent representations of
semisimple groups of adjoint type over a non-Archimedean local field [O3, Section
4.6]. The limit procedure and the computation of the relevant constants in the
present case of graded Hecke algebras will appear elsewhere [DMO].
Let us rewrite (45) in order to exhibit its most important properties, namely that
in this formula every summand corresponding to a W -orbit of residual subspaces
contributes a positive semidefinite Hermitian form on the space of Paley-Wiener
functions. For that, let W\L denote a complete set of representatives for W -orbits
of residual subspaces. Note that if λ = cL + iµ ∈ L
t and if wL ∈ W (ΦL) denotes
the longest element in the Weyl group W (ΦL) then wL(cL) = −cL and wLµ = µ. In
other words, for λ ∈ Lt we have:
(48) −wLλ = λ.
Lemma 2.21. The expression (45) for the inner product can be written in the
following equivalent way:
∑
L∈W\L
|W |
∫
WLt
A0(rφ)(λ)A0(rψ)(λ)
dνWL(λ)
r(−λ)r(λ)
.(49)
Proof. First observe that r(−λ)r(λ) does not vanish identically on Lt. Indeed, α ∈ Φ
is constant on Lt if and only if α ∈ ΦL. By Proposition 2.10(d), the constant value
of r(−λ)r(λ) on Lt is in Z, hence outside of the critical strip. Thus it makes sense
to multiply and divide the integrand of (45) by r(−wλ), for each w ∈W , to obtain
(r(−λ)r(λ))−1
∑
v,w∈W
φ−(−wλ)cH(−wλ)r(−wλ)ψ(vλ)cH(vλ)r(vλ).
Then, using (48) and the definition of A0 in (26), one rewrites this as
|W |2(r(−λ)r(λ))−1A0(rφ)(λ)A0(rψ)(λ),
and the result follows from the equality A0(rφ
−)(−λ) = A0(rφ)(λ), on L
t. 
Lemma 2.22. The integrand of each factor of (49) is Hermitian, regular and non-
negative on Lt.
Proof. As ρ takes positive values on Z, the constant factors of r on Lt are all positive.
This implies that r(−λ)r(λ) is a nonnegative function on Lt. Indeed, using that −wL
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is a permutation of Φ\ΦL we have
r(−λ)r(λ) = R
∏
α∈Φ+\ΦL
ρ(α∨(λ))ρ(α∨(λ)),
in which use was made of (48) and R > 0 is the product of the constant values of ρ.
Thus, the factor A0(rφ)(λ)A0(rψ)(λ) is entire on VC, W -invariant, and nonnegative
on Lt if φ = ψ. Interchanging the role of φ and ψ clearly results in complex conjuga-
tion of the restriction to Lt. On the other hand, (r(−λ)r(λ))−1 is meromorphic on
VC, W -invariant, and nonnegative on L
t. However, it may possibly have singularities
on Lt corresponding to critical zeros of ρ. But the product
A0(rφ)(−λ)A0(rψ)(λ)(r(−λ)r(λ))
−1,
which can be written as (45) by Lemma 2.21, is the restriction to Lt of a meromorphic
function which has no singularities on Lt or is identically zero. 
Let us now consider the growth behavior on Lt of each factor of (49). Lemma
2.17 implies also that each summand of the integrand written in the form (45) on Lt
is given by the product of certain Paley-Wiener functions on Lt (we can, because of
the double summation over W , absorb the rational factors cH by these Paley-Wiener
functions) times factors of the form ρ(α
∨(λ)+a)
ρ(α∨(λ)+b) where a and b are in R such that the
argument is not in the critical strip. Such factors are of moderate growth on Lt by
the analytical properties of ρ(s) and discussed in subsection 2.1. We have, therefore,
shown that:
Theorem 2.23. For each L ∈W\L, let νWL be as in (46) and µWL be the positive
measure on WLt defined by
(50) dµWL(λ) :=
(
|W |
r(−λ)r(λ)
)
dνWL(λ).
Then, the corresponding summand of (49)
〈φ,ψ〉WL :=
∫
WLt
A0(rφ)(λ)A0(rψ)(λ)dµWL(λ)
defines a positive semidefinite Hermitian form on the space of Paley-Wiener func-
tions on VC. The radical of this pairing consists of Paley-Wiener functions φ for
which we have A0(rφ)|WLt = 0. We have a continuous map, isometric with respect
to 〈φ,ψ〉WL and with dense image AWL : PW(VC) → L
2(WLt, µWL)
W given by
φ 7→ A0(rφ)|WLt. Finally we have
(θφ, θψ) =
∑
L∈W\L
〈φ,ψ〉WL.
In view of Proposition 2.10 and the bijection between unipotent classes and nilpo-
tent orbits, we can choose the representatives of W\L used in Theorem 2.23 to be
consistent with the choice of representatives for the LG-classes of pairs (LM, LP ) we
made in the Introduction, so that we have bijections
(51) o↔ Lo ↔ (
LMo,
LPo).
We set µo := µWLo and 〈·, ·〉o := 〈·, ·〉WLo and we obtain Theorem 1.
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2.6. Weyl groups. We conclude this section by noting that, in Theorem 2.23,
instead of considering W -invariant functions on the orbit WLt, we may concentrate
only on a fixed representative of the orbit and consider W (L)-invariant functions on
Lt, where W (L) = Stab(L)/Fix(L) is the Weyl group of the affine subspace L. We
scale the measure µ˜L = (|W |/|Stab(L)|)µWL|Lt so that we can write
(52) L2(WLt, µWL)
W = L2(Lt, µ˜L)
W (L).
Moreover, in view of the bijections discussed in (51), we can identify the Weyl group
W (Lo) with the Weyl group of the pair (
LMo,
LPo)
(53)
W (LMo,
LPo) :=
{
w∈NLG(
LMo)/
LMo | w(
LPo)w
−1 is conjugate to LPo in
LMo
}
.
We may write, accordingly, that the conclusion of Theorem 1 is that
(54) L2(G(F )ZG\G(A))
K
[T,1]
∼= ⊕o L
2(Lto, µ˜o)
W (LMo,LPo).
3. Normalized Eisenstein series
3.1. Proof of Theorem 2. Recall that the unramified Borel Eisenstein series is
given by
(55) E(λ, g) =
∑
γ∈B(F )\G(F )
tB(γg)
λ+̺,
where tB is the map coming from the Iwasawa decomposition and ̺ ∈ a
∗
T is the Weyl
vector. It is well known that this series is absolutely convergent for Re(λ) = λ0 ≫ 0,
has meromorphic continuation for all λ ∈ aG∗T,C and satisfies functional equations
(56) E(wλ, g) =
c(wλ)
c(λ)
E(λ, g),
for all w ∈W . For g ∈ G(A), we define the normalized Eisenstein series by
(57) E0(λ, g) :=
1
|W |
A0(rE(− · , g))(−λ).
It follows from Theorem 2 that E0(λ(o), g) is a square-integrable and K-invariant
function on G(F )ZG\G(A) for each distinguished unipotent orbit o.
Lemma 3.1. The normalized Eisenstein E0(λ, g) is, as a function of λ, holomor-
phic, W -invariant and satisfies
E0(λ, g) =
1
|W |
cH(−λ)r(−λ)E(λ, g).
Proof. The formula is a straightforward computation using A0. Together with the
fact implied by the functional equations (56) that E(λ, g) has zeroes along the hyper-
planes α∨(λ) = 0 for α simple, it follows that E0(λ, g) is holomorphic in the closure
of the fundamental chamber. Invoking the W -invariance implied by the averaging
operator, it is holomorphic everywhere. 
Lemma 3.2. Given φ ∈ PW (aG∗T,C) define
uφ(λ) :=
∫
G(F )ZG\G(A)
θφ(g)E(λ, g)dg
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This integral converges for Re(λ) = λ0 ≫ 0 and defines a holomorphic function in
its domain of convergence that satisfies
uφ(λ) = cH(−λ)
−1Rφ(λ).
Proof. Given ψ ∈ PW (aG∗T,C), one has∫
Re(λ)=λ0≫0
ψ(λ)
∫
G(F )ZG\G(A)
θφ(g)E(λ, g)dg dλ =
∫
Re(λ)=λ0≫0
Rφ(λ)ψ(λ)
dλ
cH(−λ)
,
in which the exchange of integrals is allowed by the estimates used in the proof of
[MW2, Proposition II.1.10] and use was made of equations (2) and (16). Since this
holds for all ψ ∈ PW (aG∗T,C) the result follows. 
Lemma 3.3. Given φ ∈ PW (aG∗T,C), it holds that∫
G(F )ZG\G(A)
θφ(g)E0(λ, g)dg = A0(rφ
−)(−λ).
Proof. Using Lemmas 3.1, 3.2 and (17), we get∫
G(F )ZG\G(A)
θφ(g)E0(λ, g)dg =
1
|W |
cH(−λ)r(−λ)uφ(λ)
=
1
|W |
∑
w∈W
cH(−wλ)r(−wλ)φ
−(−wλ),
proving the Lemma. 
Using that −λ ∈Wλ so that A0(rφ
−)(−λ) = A0(rφ)(λ) and E0(λ, g) = E0(−λ, g)
for all λ in the support ∪oWL
t
o, it follows that F(θφ)(λ) = A0(rφ)(λ) and hence
the isometry part of Theorem 2 follows immediately from Theorem 1.
For v non-Archimedean, H(Gv ,Kv) is the algebra of compactly supported func-
tions on Kv\Gv/Kv. We let Sv : H(Gv,Kv) → C[X∗(T )]
W denote the Satake
isomorphism and the ∗-structure of H(Gv,Kv) can be described via
(58) Sv(h
∗)(t) = Sv(h)(t−1).
For v Archimedean H(Gv ,Kv) is the subalgebra of left and right invariant elements
of the corresponding Archimedean Hecke algebra (the Archimedean Hecke algebra
is described in [F, Paragraph 3] or [BJ, 1.1] although our notation differs from the
one in [BJ]). We let Sv : H(Gv ,Kv) → Sym[C ⊗X∗(T )]
W denote now the Harish-
Chandra isomorphism and one can describe the ∗-structure similarly as
(59) Sv(h
∗)(λ) = Sv(h)(−λ).
Each λ ∈ aG∗T,C defines a character χv,λ of H(Gv,Kv) by means of Sv and thus a
character χλ of H(G(A),K). A straightforward computation yields that, if λ is such
that −λ ∈Wλ (see 48), then
(60) χλ(h
∗) = χλ(h),
and it is known that the unramified Borel Eisenstein series E(λ, g) is an eigenfunction
for the convolution action of H(Gv ,Kv) with eigenvalue χv,λ for each v. It then
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follows that, for hv ∈ H(Gv ,Kv) and for λ ∈ ∪oWL
t
o, we have
F(hv · f)(λ) =
∫
G(F )ZG\G(A)
E0(−λ, g)(hv · f)(g)dg
=
∫
G(F )ZG\G(A)
(h∗v ·E0(λ, g))f(g)dg
= χv,λ(hv)F(f)(λ),
proving the equivariance of F .
References
[A] Arthur, J., Unipotent automorphic representations: conjectures, in Orbites unipotentes et
repre´sentations, II. Aste´risque 171-172 (1989), 13–71.
[BC] Bala, P., Carter, R.W., The classification of unipotent and nilpotent elements, Indagationes
Mathematicae, 77(1) (1974), 94–97.
[BJ] Borel, A., Jaquet, H., Automorphic forms and automorphic representations, in Automorphic
forms, representations and L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Cor-
vallis, Ore., 1977), Part 1, Amer. Math. soc., Providence, RI, 1979, pp. 189–207.
[Car] Carter, R.W., Finite groups of Lie type, Wiley Classics Library, John Wiley and sons, Chich-
ester, UK, 1993.
[CKK] Ciubotaru, D., Kato, M., Kato, S., On characters and formal degrees for classical and Hecke
algebras, Invent. Math. 187(3) (2012), 589-635.
[Cl] Clozel, L., Spectral theory of automorphic forms, in Automorphic forms and applications, edi-
tors P. Sarnak and F. Shahidi, AMS/Institute for Advanced Study, 1997, pp. 41–94.
[Co] Cogdell, J., Lectures on L-functions. Converse theorems and functoriality of GLn, in Lectures
on Automorphic L-functions, Fields Institute Monographs, Amer. Math. Soc., 2004, pp. 3–96.
[DMO] De Martino, M., Opdam, E., Limit transition between the spherical spectrum of graded and
affine Hecke algebras. In preparation.
[D] Dixmier, J., C∗-algebras, Noord-Holland Publishing Company, Amsterdam, The Netherlands,
1977.
[F] Flath, D., Decomposition of representations into tensor products, in Automorphic forms, rep-
resentations and L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore.,
1977), Part 1, Amer. Math. soc., Providence, RI, 1979, pp. 179–183.
[HC] Harish-Chandra, Automorphic forms on Semisimple Lie Groups, Lecture Notes in Mathemat-
ics, No. 62 Springer-Verlag, Berlin-New York, 1968.
[HO1] Heckman, G.J., Opdam, E.M., Yang’s system of particles and Hecke algebras, Annals of
mathematics 145 (1997), 139–173.
[HO2] Heckman, G.J., Opdam, E.M., Harmonic analysis for affine Hecke algebras, in Current
Developments in Mathematics (R. Bott, A. Jaffe, D. Jerison, G. Lusztig, I. Singer and S.-T.
Yau, editors), Intern. Press, 1996, pp. 37–60.
[H1] Heiermann, V., De´composition spectrale et repre´sentations spe´ciales d’un groupe re´ductif p-
adique, Journ. Inst. Math. Jussieu 3 (2004), 327–395.
[H2] Heiermann, V., Orbites unipotentes et poˆles d’ordre maximal de la fonction µ de Harish-
Chandra, Canad. J. Math., 58 (2006), 1203–1228.
[HII] Hiraga, K., Ichino, A., Ikeda, T., Formal degrees and adjoint gamma factors (and errata), J.
Amer. Math. Soc., 21 (2008), no. 1, 283-304.
[Hor] Ho¨rmander, L., The analysis of partial differential operators I, Springer-Verlag, Heidelberg,
Germany, 1990.
[J] Jacquet, H. On the residual spectrum of GL(n), in Lie groups and Representations II, (College
Park, Md., 1982/1983), Lecture Notes in Math. 1041, Springer-Verlag, New York (1984),
185–208.
[JL] Jorgenson, J., Lang, S., The Heat Kernel and Theta Inversion on SL2(C), Springer Mono-
graphs in Mathematics, Springer-Verlag, New York, USA, 2008.
[K1] Kim, H.H., The residual spectrum of G2, Canad. J. Math., 48 (1996), 1245–1272.
24 MARCELO DE MARTINO, VOLKER HEIERMANN, AND ERIC OPDAM
[K2] Kim, H.H., Residual spectrum of odd orthogonal groups, Int. Math. Res. Notices, 17 (2001),
873–906.
[KL] Kazhdan, D., Luzstig, G., Proof of the Deligne-Langlands conjecture for Hecke Algebras, In-
vent. Math. 87 (1987), 153–215.
[L] Langlands, R.P., On the functional equations satisfied by Eisenstein series, Lecture Notes in
Mathematics 544, Springer, 1976.
[Lu] Lusztig, G., Affine Hecke algebras and their graded version, J. Am. Math. Soc. 2(3) (1989),
59–635.
[M1] Moeglin, C., Orbites unipotentes et spectre discret non ramifie´. Le cas des groupes classiques
de´ploye´s, Compos. Math. 77(1) (1991), 1–54.
[M2] Moeglin, C., Sur les formes automorphes de carre´ inte´grable, in Proceedings of the Interna-
tional Congress of Mathematicians, Vol. II (Kyoto, 1990), 815–819, Math. Soc. Japan, Tokyo,
1991.
[Mi] Miller, S. D., Residual automorphic forms and spherical unitary representations of exceptional
groups, Annals of mathematics 177 (2013), 1169–1179.
[MW1] Moeglin, C., Waldspurger, J.-L., Le spectre re´siduel de GL(n), Ann. Sci. E´cole Norm. Sup.
22 (1989), 605–674.
[MW2] Moeglin, C., Waldspurger, J.-L., Spectral decomposition and Eisenstein series, Cambridge
tracts in Mathematics 113, Cambridge University Press, 1995.
[O1] Opdam, E.M., On the spectral decomposition of affine Hecke algebras, J.Inst. Math. Jussieu
3(4) (2004), 531–648
[O2] Opdam, E.M., The central support of the Plancherel measure of an affine Hecke algebra,
Moscow Mathematical Journal 7(4) (2007), 723–741.
[O3] Opdam, E.M., Spectral transfer morphisms for unipotent affine Hecke algebras.
arXiv:1310.7790.
[Re1] Reeder, M., Whittaker functions, prehomogeneous vector spaces and standard representations
of p-adic groups, J. Reine angew. Math. 450 (1994), 83–121.
[Re2] Reeder, M., Formal degrees and L-packets of unipotent discrete series representations of ex-
ceptional p-adic groups, with an appendix by Frank Luebeck. Crelle’s Journal 520 (2000),
37–93.
[Stas] Stas, W., On the order of the Dedekind Zeta-function near the line σ = 1, Acta Arith. 35
(1979), 195–202.
M.D.M.: Korteweg de Vries Institute for Mathematics, University of Amsterdam,
P.O. Box 94248, 1090 GE Amsterdam, The Netherlands, and Aix Marseille Univer-
site´, CNRS, Centrale Marseille, I2M UMR 7373, 13453, Marseille, France, email:
m.goncalvesdemartino@uva.nl
V.H.: Aix Marseille Universite´, CNRS, Centrale Marseille, I2M UMR 7373, 13453,
Marseille, France, email: volker.heiermann@univ-amu.fr
E.O.: Korteweg de Vries Institute for Mathematics, University of Amsterdam, P.O.
Box 94248, 1090 GE Amsterdam, The Netherlands, email: e.m.opdam@uva.nl
